Introduction
Let G be a group and H be a topological group equipped with a proper leftinvariant metric d (e.g., a finitely-generated group, equipped with a word metric). A map f : G → H is called a quasihomomorphism if there exists a constant C so that d(f (xy), f (x)f (y)) ≤ C for all x, y ∈ G. In the case when H is discrete (and in this paper we limit ourselves only to this class of groups), f is a quasihomomorphism if and only if the set of defects of f D(f ) = {f (y) −1 f (x) −1 f (xy) : x, y ∈ G} is finite. A quasihomomorphism with values in Z is called a quasimorphism.
There is a substantial literature on constructing quasimorphisms, going back to the work of R. Brooks [5] , see e.g. [9] and references therein. On the other hand, very little is known about quasihomomorphisms with values in noncommutative groups. The only results we are aware of are: Rolli's paper [23] constructing quasihomomorphisms of free groups with values in groups admitting bi-invariant metrics, Ozawa's rigidity theorem [21] showing that lattices in SL(n, K) (n ≥ 3, K is a local field) do not admit unbounded quasihomomorphisms to hyperbolic groups, as well as various papers where quasihomomorphisms with values in unitary groups are studied, see [17] , [24] , [8] and references therein.
The goal of this note is to explain why it is so hard to construct quasihomomorphisms to noncommutative groups which are neither homomorphisms, nor come from quasihomomorphisms with commutative targets, provided that H is a discrete group. Our main theorem is: Theorem 1. Every quasihomomorphism f : G → H is constructible. Namely, there exists a finite-index subgroup G o < G, a subgroup H o < H, an abelian subgroup A < H o central in H o , and a quasihomomorphism f o : G o → H o within finite distance from f |G o so that:
The projection of f o to G o → Q = H o /A is a homomorphism.
We will prove this theorem in Section 3 (see Theorem 2) . We also show how one can sharpen the main theorem by restricting to special classes of target groups, e.g., some periodic groups (Example 4), hyperbolic groups (Theorem 3), CAT (0) groups (Theorem 4), mapping class groups (Theorem 5) and groups acting on simplicial trees (Lemma 11). For instance:
1. All quasihomomorphisms to free Burnside groups B(n, m) (with large odd exponent m) are bounded.
2. All unbounded homomorphisms to hyperbolic groups are either almost homomorphisms or have elementary images.
3. All quasihomomorphisms G → H = Map(Σ) to the mapping class group (after passage to a finite index subgroup in G) are constructible, from quasimorphisms and homomorphisms to other mapping class groups of surfaces (proper subsurfaces in Σ), Theorem 5. In particular, we will show that higher rank irreducible lattices do not admit unbounded quasihomomorphisms to hyperbolic groups and to mapping class groups. This sharpens the main result of Ozawa in [21] , since he could prove it only for lattices in SL(n, K).
Preliminaries
In this section we collect some basic facts about quasihomomorphisms.
Definition and notation.
Throughout the paper, we will be considering quasihomomorphisms to discrete groups, denoted H, equipped with a proper metric d (whose choice will be suppressed in our notation). The reader can think of a finitelygenerated group equipped with a word metric as the main example. Set |h| = d(1, h). Definition 1. Suppose that a map f : G → H between groups has the property that f (G) is contained in a subgroup J < H, J contains a finite normal subgroup K ⊳ J, so that the projectionf : G →J = J/K is a homomorphism. We then will refer to f as an almost homomorphism, it is a homomorphism modulo a finite normal subgroup (in the range of f ).
Clearly, every almost homomorphism is a quasihomomorphism. A quasihomomorphism f : G → H is called bounded if its image is a bounded (i.e., finite) subset of H. Note that every map f : G → H with bounded image is automatically a quasihomomorphism.
In what follows we will frequently use the notation N R (S) ⊂ H to denote the R-neighborhood of a subset S in a discrete group H equipped with a proper metric. We will also use the notation h 1 ∼ h 2 for elements h 1 , h 2 ∈ H to denote that
where Const is a certain uniform constant (which is not fixed in advance). Instead of the notation ∼, we will also write write p ∼ S q if p = qs with p, q ∈ H, s ∈ S (where the subset S is bounded). For example, for
For a subset D of a group H and n ≥ 2 we will use the notation D n to denote the subset of H consisting of products of at most n elements of D. More generally, for two subsets A, B ⊂ H we let
We will use the notation D −1 for the set of inverses of elements of D. Then
For an element h ∈ H we let ad(h) denote the inner automorphism of H defined by conjugation via h: ad(h)(x) = hxh −1 .
The map ad : H → Inn(H) < Aut(H) is a homomorphism. The quotient group Out(H) = Aut(H)/Inn(H) is the outer automorphism group of H.
Elementary properties of quasihomomorphisms.
Composition. The composition of quasihomomorphisms is again a quasihomomorphism:
In particular, if f 2 is a homomorphism and
is again a quasihomomorphism. Conversely, given a quasihomomorphism
in view of the composition property above, each component f i is again a quasihomomorphism.
Closeness of f (G) and f (G) −1 . Suppose that
and, hence,
In particular, the sets f (G), (f (G)) −1 are Hausdorff-close to each other. 
More precisely,
Therefore, the left multiplication by f (x) defines a quasi-action of G on f (G). The set f (G) is not literally preserved by this quasi-action, but
for all x ∈ G:
In view of (1), the defect set D(f ) has the property that every element h ∈ D(f ) quasiacts on f (G) with bounded displacement. We define the defect subgroup ∆ = ∆ f of f to be the subgroup of H generated by D(f ). It is then immediate that every element of ∆ f (quasi)acts on f (G) with bounded displacement. Equation (2) shows that there exists a finite subset
where f (c) = h and
In particular,
Since for every h ∈ f (G), h −1 = hδ, δ ∈ ∆ f , we conclude that
as well. Thus:
By Lemma 1, we also obtain a homomorphism
given by sending g ∈ G first to the conjugation automorphism
and then projecting to the group of outer automorphisms. (The quasihomomorphism ϕ, of course, in general, is not a homomorphism.) Since ∆ f is generated by the finite subset D(f ), the automorphismφ(g) is determined by its values on the elements s ∈ D(f ); the images of s ∈ D(f ) underφ(g) belong to a finite subset D ′ (f ) (independent of g). Therefore, the set
is finite and, thus, the homomorphism ϕ has finite image. We summarize these simple (but useful) observations in Lemma 2. 1. There exists a finite subset {y 1 , ..., y n } of H such that
2. There exists a finite-index subgroup
In particular, we can choose the elements y 1 , ..., y n ∈ ∆ f so that
2.4. Lift and projection.
2.4.1. Quasi-split exact sequences. Consider an exact sequence
Such a sequence is said to be quasi-split if there exists a quasihomomorphism C s → B such that p•s = Id. (More generally, one can allow this composition to have bounded displacement, but we will not need this.)
Given a quasi-split extension (4), each quasihomomorphism f :
Similarly, each quasihomomorphism f : B → H projects to a quasihomomorphism
If f : G → C is unbounded, the quasihomomorphismf is, of course, unbounded as well. This is not necessarily the case for projections of quasihomomorphisms C f → H as one can take, for instance, B = A × C and f = f 1 × f 2 : G → B, with bounded f 2 and unbounded f 1 . However, if A is finite and f is unbounded, thenf is unbounded as well. We will use this observation several times in the case when H = Z, in order to construct unbounded quasimorphisms on the quotient group C. Example 1. Examples of quasi-split sequences are given by: a. Extensions with finite kernel A: In this case any section s : C → B will define a quasi-splitting.
b. Central extensions whose obstruction class is a bounded 2nd cohomology class, cf. [14] or [19] .
To justify (b), suppose that ω ∈ Z 2 (C, A) is a bounded normalized cocycle, i.e., s(1, c) = s(c, 1) = 0 ∈ A for all c ∈ C.
Here and in what follows we use the restriction of the metric from B to i(A) ∼ = A. We also refer the reader to [9] for the discussion of bounded cohomology.
Following [6, p . 92], we define the extension E ω of C by A, using the group law on the product A × C given by the formula:
The group E ω is then a central extension of C by A, which is isomorphic to the one in (4) . The quasi-splitting of the sequence
is given by s(c) = (0, c). Then ω is bounded if and only if s is a quasihomomorphism. We obtain Lemma 3. The sequence (4) quasi-splits if and only if the extension class is bounded.
As an illustration of (b), consider Σ, a compact surface with boundary
We let Map(Σ) and Map(Σ • ) denote the mapping class groups of Σ and of its interior respectively. The former is obtained by marking each C i with a point x i and considering only homeomorphisms Σ → Σ (and isotopies Σ × I → Σ) preserving the set X = {x 1 , ..., x m }.
Then we have a short exact sequence
where the generators of the kernel Z m are Dehn twists along loops in the interior of Σ isotopic to the curves C i . The above extension is defined via a bounded 2nd cohomology class in H 2 (Map(Σ • ); Z) (we owe this observation to Ursula Hammenstädt). In particular, the sequence (5) quasi-splits. We will not need this fact, but present below a proof in the case of one boundary component (i.e., m = 1). In this case, the obstruction to splitting the sequence (5) is the Euler class e ∈ H 2 (Map(Σ • ); Z), which can be defined as the pull-back of the Euler classẽ ∈ H 2 (Homeo(
, whereΣ is the surface obtained from Σ by attaching 2-disk to its boundary; see [12, Section 5.5.4 ]. The classẽ is bounded, see e.g. [15] . Therefore, the class e is bounded as well. 
Lets : G →Ẽ be the quasi-splitting. Composings with the natural homomorphism E → B (which projects to f : G → C), we obtain the required liftf . The converse to this is also easy to see: If f lifts to a quasihomomorphismf , then the class
Example 2. Consider the case where A is a finitely-generated abelian group and the group G is hyperbolic. Then all cohomology classes in H 2 (G; A) are bounded (see [19] ), which implies that quasihomomorphisms f : G → C always lift to quasihomomorphisms G → B. . Thus, taking G which admits an epimorphism to Z 2 and taking an epimorphism f :
′ we obtain the desired example. In general such f can still lift to a homomorphismf : G → H 2n . To construct an example when this does not occur, consider, for instance, G = π 1 (S) with S a closed oriented hyperbolic surface. Then take f which is induced by a map of nonzero degree S → T 2 .
Remark 3. As a warning to the reader, we note that even if B is finitely-presented and A is abelian, the group A might not be finitely generated, see e.g. [1] .
Is it true that for arbitrary (countable) abelian group A and a hyperbolic group G, every class in H 2 (G; A) is bounded (i.e., is represented by a cocycle taking only finitely many values)?
2.5. Constructible quasihomomorphisms. So far, we saw several basic constructions of quasihomomorphisms. We now combine them to define constructible quasihomomorphisms. A quasihomomorphism will be called constructible if it is obtained by application of the following constructions, starting with a finite collection of bounded quasihomomorphisms, quasimorphisms (to Z) and homomorphisms to some groups: i) Iff : G →H is a quasihomomorphism and 1 → K → H →H → 1 is a short exact sequence with virtually abelian group K, then liftf (if possible) to a quasihomomorphism f : G → H. Note that if the exact sequence quasi-splits with a quasi-splitting s :H → H, then we can always liftf to a quasihomomorphism f = s •f . For instance, almost homomorphisms G → H appear in this fashion.
ii) If f i : G → H i are quasihomomorphisms, i = 1, ..., n, then take
v) Replace f with a quasihomomorphism f ′ within finite distance from f .
In the next section we show that all quasihomomorphisms are constructible. 
In other words,
are uniformly close to each other (see section 2.3), we obtain the following strengthening of Lemma 2: Corollary 1. There exists a constant C so that
In particular, Corollary 2. Suppose that H has the property that the centralizer of every nontrivial element is abelian. Then for every quasihomomorphism f : G → H either f is a homomorphism or its image lies in a C-neighborhood of some abelian subgroup (with C depending on f , of course). Example 4. Let H be either an (infinite) free Burnside group B(n, m) on n generators and odd exponent m ≥ 665, or a Tarski monster, where all proper subgroups are finite cyclic, conjugate to each other. Note that by a theorem of Adyan and Novikov (see e.g. [20] ), the centralizer of every nontrivial element of B(n, m) is cyclic of order m. Therefore, for every group G, every unbounded quasihomomorphism f :
Note, however, that for m even, some centralizers are infinite, see [16] for the details. This leads to Question 2. Are there quasihomomorphisms f : G → H to torsion groups H, which are not within finite distance from almost homomorphisms?
Answer to this is unclear to us even if H is abelian (as usual, discrete, equipped with a left-invariant proper metric).
We next explain how one can alter f so that its image is actually contained in Z H (∆ f ). After restricting f to a finite index subgroup G o < G, we obtain (by Part 2 of Lemma 2) that
be a nearest-point projection and set
Proof. Our proof is analogous to the one in Lemma 5. We have
Let f : G → H be a quasihomomorphism with the defect subgroup ∆ f . As we observed above, the image of f is contained in N = N H (∆ f ). It follows that there is no harm in replacing the group H with the group f (G) . We assume from now on that H = N = f (G) ; we continue to work with the restriction of the original left-invariant metric from the target group of f to f (G) .
Remark 4.
We observe that if the group G is finitely-generated, so is the group f (G) : It is generated by f (S) and D(f ), where S is a finite generating set of G.
We can now prove Theorem 2. Every quasihomomorphism f : G → H is constructible: There exists a finite-index subgroup G o < G and a quasihomomorphism
Proof. We let G o and f o be as in the above discussion. Let H o < H be the subgroup generated by f o (G o ). By construction,
Since ∆ fo contains the defect set of f o , the mapf o is a homomorphism.
3.2.
Quasihomomorphisms close to abelian subgroups. In this and the following section we establish two technical results, which are variations of Theorem 1 and will be used in the proof of Theorem 5. Let B be a group which is an extension
where A is a free abelian group of finite rank. Suppose, further, that A is virtually central in B in the sense that there exists a finite index subgroup C ′ ⊳ C which acts trivially on A. Proposition 1. Suppose that f : G → B is a quasihomomorphism whose projection to C has bounded image. Then there exists a finite index subgroup G o < G so that f |G o is within bounded distance from a quasihomomorphism f o : G → A.
Proof. Let ρ : C → Aut(A) denote the action of C on A, let Q be the image of ρ; by our assumption, the group Q is finite. Without loss of generality, we may assume that the subset f (G) generated B (otherwise, we replace B with f (G) . Furthermore, by Theorem 1, we can assume (after passing to a finite index subgroup G o < G and replacing f |G o with a nearby quasihomomorphism) that ∆ f is contained in the center of B. In particular, ρp(∆ f ) = {1} and the composition
is a homomorphism, let G o denote its kernel; it is a finite index subgroup of G. Then, by construction, A is contained in the center of
In what follows we use the restriction of the metric from B to B o .
We let r o : B o → A denote a nearest-point projection. We claim that r is a quasihomomorphism on each n-neighborhood N n (A) of A in B o . (Our proof is similar to the one in the proof of Theorem 1.) Indeed, let
Let H = H 1 × ... × H n be a product of groups, let Q be a subgroup of Aut(H) which preserves the product decomposition (but is allowed to permute factors). In particular, Q has a natural homomorphism to the permutation group S n , via permutation of indices. We further require that this homomorphism to be injective and we will identify Q with a subgroup of S n .
We let h → h q denote the action of q on h ∈ H and for a subgroup Q ′ ≤ Q we let H Q ′ denote the subgroup of H fixed by Q ′ . (The usual notation for this subgroup is H Q ′ , but it would cause a confusion with the action of Q on H, therefore, we use the subscript instead.) In view of our requirement on the action of Q on H, it follows that H Q ′ is a block-diagonal subgroup in H:
We break the set [n] = {1, ..., n} into
and let i k be the minimal element of E k . For i ∈ E k let ι i : H i → B k denote the diagonal embedding. Let D k < B k denote the subgroup fixed by Q ′ ; this subgroup equals ι i (H i ), i ∈ E k . Then,
In particular, there exists a (homomorphic) retraction r : H → H Q ′ ; the restriction of r to each
Consider now the semidirect productH = H ⋊ Q equipped, as usual, with a leftinvariant proper metric d and let N C (H Q ) be a C-neighborhood of H Q inH. Define the mapr : H ⋊ Q → H Q , byr(hq) = r(h). The mapr, of course, need not be a quasihomomorphism. However:
Proof. Our proof is again analogous to the one of Lemma 5. In order to simplify the notation, we let h ′ denote r(h) for h ∈ H.
On the other hand,
2 . Since r is a homomorphism, we havẽ r(x 1 )r(x 2 ) ∼r(x 1 x 2 ).
Suppose that G
′ ⊂H is a subset on which Q ′ (quasi)acts with bounded displacement.
Lemma 7.
There exists a constant R so that
Proof. It suffices to consider the case when H Q ′ is the diagonal subgroup D of the product H = H 1 × ... × H n of groups isomorphic to a single group H 1 . Then for each g = (h 1 , ..., h n ) ∈ G ′ the diameter of the orbit of Q ′ · g is uniformly bounded. Since Q ′ acts transitively on the index set [n], it follows that the diameter of the subset {h 1 , ..., h n } ⊂ H 1 is also uniformly bounded. Therefore, the element g is uniformly close to (h 1 , ..., h 1 ) ∈ D.
We now consider a quasihomomorphism f : G →H. Without loss of generality, we may assume that the projection of f (G) to Q (under the quotient homomorphism ρ : H → Q) generates this finite group (otherwise, we replace Q with a smaller subgroup ρf (G) andH with the semidirect product of H and ρf (G) ). Furthermore, in view of Theorem 1, we assume that the defect subgroup ∆ f is central in f (G) ; hence, its projection Q ′ (to Q) is central in Q. The group Q ′ acts on G ′ = f (G) with bounded displacement, cf. proof of Proposition 1 (here we use the assumption that ρf (G) = Q). The composition
Let H Q ′ < H denote the fixed subgroup of Q ′ . In view of Lemma 7, we conclude that
Proposition 2. For every quasihomomorphism f : G →H there exists a finite index subgroup G o < G so that f |G o is within bounded distance from a quasihomomorphism
Quasihomomorphisms to hyperbolic groups
Theorem 3. 1. Suppose that H is a torsion-free hyperbolic group. Then (for an arbitrary group G) every unbounded quasihomomorphism f : G → H is either a homomorphism or a quasihomomorphism to a cyclic subgroup of H. 2. Suppose that H is a general hyperbolic group. Then for every unbounded quasihomomorphism f : G → H either the image of f is contained in an elementary subgroup of H or f is an almost homomorphism.
Proof. In view of Theorem 1, the defect subgroup ∆ = ∆ f is elementary (as it has infinite centralizer). Let N = N H (∆) be its normalizer in H. If ∆ is finite then composition of f with the projection to Q = N/∆ is a homomorphism and, hence, f is an almost homomorphism. If ∆ is infinite, then N is elementary. We are done since f (G) < N by Lemma 1.
Furthermore, suppose H is torsion free. If ∆ is finite, then it is trivial and f is a homomorphism. If ∆ is infinite, then N is cyclic.
The following lemma is a sharpening of the statement about quasihomomorphisms to elementary groups: Proposition 3. If f : G → H is an unbounded quasihomomorphism to an elementary hyperbolic group H, then, the reduction f of f modulo the maximal finite normal subgroup F ⊳ H either is a quasimorphism (to Z) or this statement holds after restricting f to an index 2 subgroup G o < G.
Proof. The projection of f , f : G → H/F , is again a quasihomomorphism. Therefore, it suffices to consider the case when F = 1 and H is either Z or Z 2 ⋆ Z 2 ; moreover, it suffices to consider the case where H is generated by f (G). If H ∼ = Z, then f is a quasimorphism. If H ∼ = Z 2 ⋆ Z 2 , the group ∆ f has to fix the ideal boundary of H pointwise (since it acts on H with bounded displacement). Therefore, the composition of f with the projection to Z 2 is a homomorphism. Restricting f to the kernel G o of this homomorphism results in a quasimorphism f : G o → Z.
Corollary 3. Suppose that Γ is an irreducible lattice in a semisimple Lie group of real rank ≥ 2. Then every quasihomomorphism f : Γ → H, with hyperbolic target group H, is bounded.
Proof. First of all, it is proven in [7] (Corollary 1.3) that Γ has only bounded quasimorphisms. Suppose, therefore, that f : Γ → H is an unbounded quasihomomorphism. If the image of f is contained in an elementary subgroup of H then, after passing to an index 2 subgroup Γ o < Γ, we obtain an unbounded quasimorphism Γ o → Z (see Proposition 3), which is a contradiction. Otherwise, by Theorem 3, there exists a (nonelementary) subgroup J < H so that f (Γ) < J and a finite normal subgroup K ⊳J so that the projectionf of f toJ = J/K is a homomorphism. The construction of quasimorphisms applied to the subgroup J < Γ (see [13] , [11] ) yields unbounded quasimorphisms h : J → Z. Since K is a normal finite subgroup in J, these quasimorphisms project to unbounded quasimorphismsJ → Z (see item 4 in section 2). Composing the resulting quasimorphisms with the homomorphismf : Γ →J, we obtain unbounded quasimorphisms Γ → Z, which again contradicts [7] .
Quasihomomorphisms to CAT (0) groups
We will need several standard facts from the theory of CAT (0) groups. Suppose that X is a CAT (0) space and Γ X is a properly discontinuous isometric cocompact action. Recall that for an isometry α of X, the displacement of α is
Since Γ is cocompact and properly discontinuous, for every α ∈ Γ this infimum is attained in X and one defines the minimal set M α of α is
Now, pick α ∈ Γ and let M be the minimal set of α and let D be its displacement. Then Lemma 8. The family of subsets {γM : γ ∈ Γ} is locally finite in X.
Proof. Suppose that γ i ∈ Γ is a sequence and K ⊂ X is a compact subset such that
Then the elements α i = ad(γ i )(α) ∈ Γ act on K with displacement D. By discreteness of Γ it follows that the set of such elements α i is finite. Therefore, the set of their minimal sets γ i (M) is also finite.
Lemma 9. Let Φ < Γ be a finite subgroup. Then the fixed-point set X ′ = X Φ of Φ in X is a nonempty closed convex subspace and X ′ /Γ ′ is compact, where
Proof. The fact that X ′ is nonempty is a special case of the Cartan's Fixed Point Theorem (see [4, Ch. II.2, Corollary 2.8]). The fact that X ′ is closed is immediate; its convexity follows from uniqueness of geodesics in CAT (0) spaces. Invariance of X ′ under Γ ′ is again clear. Let Φ < ∆ denote the maximal (necessarily finite) subgroup of Γ fixing X ′ pointwise and let Γ X ′ < Γ denote the normalizer of ∆ in Γ. In other words, Γ X ′ is the stabilizer of X ′ in X. Notice that the index of
Therefore, it suffices to prove compactness of X ′ /Γ X ′ . Consider the orbitX ′ = Γ · X ′ . By Lemma 8, the family of subsets {γX ′ : γ ∈ Γ} is locally finite in X; in particular, the map
Lemma 10. Let A < Γ be a torsion-free abelian subgroup and and X ′ ⊂ X is the intersection of minimal sets of all elements of A. Then:
1. X ′ is a nonempty closed convex subset of X invariant under the centralizer
2. X ′ splits as a direct product Y × F , where F is a flat and Y is a CAT (0) space. 3. The foliation F of X ′ by flats y × F is Γ ′ -invariant. 4. The group A is finitely generated and the quotient group Π = Γ ′ /A admits a finite index subgroup Π o whose preimage Γ
Proof. Proofs of the statements 1, 2, 3, 4 can be found in [4, Ch II.6, Theorem 6.12]. It remains to prove 5. The proof is similar to the one in the previous lemma. We take F as above to have maximal possible dimension among flats for which we have the direct product decomposition X ′ = Y × F . The group A preserves this decomposition and acts trivially on Y . Let Γ X ′ denote the stabilizer of X ′ in Γ. The foliation F is then invariant under the action of Γ X ′ . Moreover, Γ X ′ normalizes the subgroup A ′ < Γ X ′ , which is the maximal abelian subgroup acting trivially on Y and by translations on F ; this subgroup contains A (possibly as an infinite index subgroup). The homomorphism
has finite image; hence, a finite index subgroup in Γ X ′ centralizes A ′ and, whence, A. Therefore, it suffices to show that X ′ /Γ X ′ is compact. By Lemma 8, the collection
is locally finite and the map X ′ /Γ X ′ → X/Γ is proper. Hence, X ′ /Γ X ′ is compact and X ′ /Γ ′ is compact as well.
We can now prove our rigidity theorem for quasihomomorphisms to CAT (0) groups:
where f 1 is a quasihomomorphism to a finitely-generated free abelian subgroup A < Q and f 2 is a homomorphism to a CAT (0)-subgroup F < Q.
Proof. Let H X be a proper cocompact isometric action of H on a CAT (0) space X. Recall that abelian subgroups of CAT (0) groups are finitely-generated. We continue with the notation in Theorem 2. Let K < ∆ fo be the torsion subgroup of the finitely-generated abelian group ∆ fo . The fixed-point set X ′ of K in X is closed and convex; hence, X ′ is again a CAT (0) metric space. The stabilizer H ′ of X ′ in H again acts cocompactly on X ′ (see Lemma 9) and, hence, H ′ is also a CAT (0) group (the subgroup K < H ′ is the kernel of the action of
We now use the fact that centralizers of free abelian subgroups of CAT (0) groups virtually split (see Lemma 10) . Let H o < Q be a finite index subgroup which splits as a direct product
where
is a finite-index subgroup. The group F is CAT (0). Next, we pass to a further finite index subgroup G o < G o , the preimage of F under the homomorphismf
, where the composition
is a quasihomomorphism, while the composition
Corollary 4.
Suppose that H is a uniform lattice in a reductive Lie group and G is an irreducible lattice in a semisimple Lie group of real rank ≥ 2. Then every quasihomomorphism f : G → H is within bounded distance from an almost homomorphism: There exists a finite-index subgroup G o < G and a quasihomomorphismf : G o → H within finite distance from f |G o so thatf is an almost homomorphism.
Proof. The group H is a CAT (0) group, acting (with finite kernel) on a certain nonpositively curved symmetric space. We, therefore, can apply Theorem 4. The subgroup G o from this theorem is still an irreducible higher rank lattice; therefore, it has only bounded quasihomomorphisms to free abelian groups (see [7] ). Therefore, the map f 1 defined above is bounded. Hence, f o with within finite distance from the homomorphism f 2 :
We note that there are higher rank (non-residually finite) uniform lattices H as above with finite nontrivial center Z H < H, such that Z H is contained in every finite index subgroup of H, see [22] . Therefore, setting G = H/Z H and letting f : G → H be a (quasihomomorphic) lift of the identity homomorphism G → H/Z H , we obtain examples of quasihomomorphisms which are not close to homomorphisms G o → H for any finite-index subgroup G o < G.
Quasihomomorphisms to mapping class groups
In this section we will generalize the rigidity results from CAT (0) and hyperbolic target groups to mapping class groups. We first recall several definitions.
Let Σ be a connected oriented hyperbolic surface of finite area. We let Map(Σ) denote the mapping class group of Σ. It is convenient to define the mapping class groups for disconnected surfaces as well. As in the connected case, Map(Σ) is the group Homeo(Σ)/Homeo o (Σ), where Homeo o (Σ) is the connected component of the identity map Σ → Σ in the full group of homeomorphisms Homeo(Σ). If
is a decomposition of an oriented finite area hyperbolic surface Σ in its connected components, then the group Map(Σ) contains the product
as a finite index normal subgroup with the quotient group Q < S n (the group Q acts on Σ by permuting homeomorphic components of Σ). For instance, if all surfaces Σ i are homeomorphic (and we fix these homeomorphisms), then
Definition 2. An essential multiloop on Σ is a 1-dimensional compact submanifold (without boundary) c ⊂ Σ, so that no two components of c are isotopic and each component of c is essential in Σ, i.e., does not bound a disk or a once punctured disk. Define the twist subgroup T c associated to c, to be the group generated by Dehn twists along components of c. Then T c is a free abelian group of rank r, where r is the number of components of c.
Theorem 5. Let f : G → H = Map(Σ) be a quasihomomorphism, where Σ is a connected oriented hyperbolic surface of finite area. Then (a) f is a constructible quasihomomorphism which is built out of bounded quasihomomorphisms, quasimorphisms and almost homomorphisms to subgroups of Map( 
Here b 1 (Σ i ) < b 1 (Σ) for each i; the subgroup T c is the twist subgroup of Map(Σ) associated with an essential multi loop c in Σ, and Σ i 's are the connected components of Σ\c.
Proof. The proof is induction on b 1 (Σ), the 1st Betti number of Σ. If b 1 (Σ) = 2 then Σ is either a trice punctured sphere (in which case Map(Σ) is finite) or is the once punctured torus, in which case Map(Σ) is virtually free and, hence, hyperbolic. In the first case the statement holds trivially, in the second it follows from Theorem 3. Suppose now that the statement of the theorem holds for all connected hyperbolic surfaces Σ ′ such that b 1 (Σ ′ ) < b 1 (Σ). We consider a quasihomomorphism f : G → H with infinite image.
In view of Theorem 1, after passing to a finite-index subgroup G o < G and replacing f with a nearby quasihomomorphism f o , we obtain that A = ∆ fo is abelian and central in f o (G o ) . In order to simplify the notation, we will omit the subscript o in the notation for f o and G o . Recall that all abelian subgroups of mapping class groups are finitely-generated [3] . If A is finite, then f is an almost homomorphism and we are done. Therefore, we will assume from now on that the group A is infinite. Note that, unlike in the CAT (0) setting, centralizers in the mapping class group do not virtually split; thus, we have to use another induction argument. There are the following possibilities for the infinite group A (see [3] ):
1. A is virtually infinite cyclic, it contains an infinite cyclic subgroup generated by a pseudo-Anosov homeomorphism of Σ.
2. A contains reducible elements.
In the first case, the centralizer of A in Map(Σ) is a product of a finite group and Z (see [18] ) and we conclude the proof by appealing to Proposition 3.
Consider now the second case. Then the entire group A is reducible, i.e., it preserves a certain canonical 1-dimensional compact submanifold c ⊂ Σ whose components are essential pairwise non-isotopic loops (see [3] ). Due to the canonical nature of c, it is also preserved by the normalizer of A (although components of c might be permuted and their (co)orientation might be reversed).
We let Map(Σ, c) < Map(Σ) denote the subgroup consisting of elements preserving c (up to isotopy). By construction, f (G) is a subgroup of Map(Σ, c). The group Map(Σ, c) contains the normal (free abelian) twist subgroup T c generated by Dehn twists along the loops in c. We obtain a short exact sequence 
Map(Σ
where Σ i 's are the components of Σ ′ and Q < S n is a finite group permuting the factors of the direct product. According to Proposition 2, there exists a finite index subgroup G o < G so that the quasihomomorphismf |G o is within bounded distance from a quasihomomorphism
Map(Σ i ).
Since f o = (f 1 , . . . , f n ), f i : G o → Map(Σ i ) are quasihomomorphisms, we can now apply the induction hypothesis.
Corollary 5. Suppose that Γ is a higher rank irreducible lattice. Then every quasihomomorphism of Γ to a mapping class group Map(Σ) has finite image.
Proof. The proof is again induction on b 1 (Σ). If b 1 (Σ) = 2 then the assertion follows from hyperbolicity of Map(Σ). Furthermore, if f : Γ → Map(Σ) is an almost homomorphism with unbounded image, f (Γ) ⊂ J,f : Γ →J = J/K, K is a finite normal subgroup in J, then the same argument as in the case of hyperbolic target groups goes through in view of [2] .
Suppose now that the assertion holds for all connected surfaces Σ ′ with b 1 (Σ ′ ) < b 1 (Σ). Consider a quasihomomorphism f : Γ → Map(Σ). Then, by Theorem 5, after passing to a finite index subgroup Γ o < Γ and replacing f with a nearby quasihomomorphism f o , we obtain 
Quasihomomorphisms to groups acting trees
Suppose T is a simplicial tree and H = Aut(T ) is the group of automorphisms of T acting on T without inversions. Let f : G → Aut(T ) be a quasi-homomorphism. Using Theorem 2, we pass to f o :
Therefore, if ∆ contains an axial isometry of T then the axis L of this isometry has to be invariant under f o (G o ) . Thus, in this case, we obtain a quasimorphism f ′ o : G o → Z where we identify Z with the group of automorphisms of L acting without inversions. (Note that centrality of ∆ implies that every element of f o (G o ) preserves orientation on L.) Suppose, therefore, that ∆ fo contains only elliptic isometries. Then ∆ fo fixes a subtree T ′ ⊂ T pointwise. By the normalization property, this subtree has to be invariant under f o (G o ) and we obtain a homomorphism
We thus obtain Lemma 11. If f : G → H = Aut(T ) is a quasi-homomorphism then, after restricting f to a finite index subgroup G o < G and replacing it with a nearby quasihomomorphism f o , we obtain: 1. Either f o is an extension of a quasimorphism f In particular, if G o admits no unbounded quasimorphisms and has property FA, then the set {h(v) : h ∈ f (G)} is bounded for every vertex of T .
